ABSTRACT: We demonstrate a tunable plasmonic metasurface by considering a graphene sheet subject to a periodically patterned doping level. The unique optical properties of graphene result in electrically tunable plasmons that allow for extreme confinement of electromagnetic energy in the technologically significant regime of THz frequencies. Here, we add an extra degree of freedom by using graphene as a metasurface, proposing to dope it with an electrical gate patterned in the micron or submicron scale. By extracting the effective conductivity of the sheet, we characterize metasurfaces periodically modulated along one or two directions. In the first case, and making use of the analytical insight provided by transformation optics, we show an efficient control of THz radiation for one polarization. In the second case, we demonstrate a metasurface with an isotropic response that is independent of wave polarization and orientation. KEYWORDS: graphene, surface plasmons, metamaterials, tunable metasurfaces, isotropic metasurfaces, terahertz, effective surface conductivity, transformation optics G raphene, an atomically thin layer of carbon atoms arranged in a honeycomb lattice, features outstanding mechanical, thermal, and electrical properties.
G raphene, an atomically thin layer of carbon atoms arranged in a honeycomb lattice, features outstanding mechanical, thermal, and electrical properties. 1 Its characteristic linear dispersion for electrons close to the Dirac point results in the possibility of tuning the carrier concentration by external means. 2 In particular, graphene can be biased by electrical gating or surface doping, which modifies its Fermi level and permits the existence of surface plasmons propagating along graphene. Because of the two-dimensional (2D) nature of this material, the surface plasmons it supports have very short wavelengths and exhibit extreme out-of-plane confinement to the sheet, as has already been demonstrated in a number of works, including experiments. 3−10 Compared to the noble metals commonly employed for plasmonics, 11 graphene has a low carrier concentration, and for this reason, plasmons in graphene are relatively long-lived and appear at lower frequencies. While the plasmonic response of metals is weak at the infrared or lower frequencies, graphene plasmons exist in the THz regime with relatively low losses. 12−14 These facts, added to the important ingredient of tunability, make graphene a very suitable platform for the design of plasmonic metasurfaces in the THz regime. 15, 16 Metasurfaces, the 2D counterpart of metamaterials, 17, 18 consist of a planar arrangement of resonant subwavelength-sized building blocks. 19 By appropriately designing the blocks and their arrangement, metasurfaces provide an ultrathin platform for manipulating electromagnetic (EM) waves. Novel phenomena and applications based on metasurfaces range from broadband light bending and anomalous reflection and refraction 20−22 to strong spin−orbit interactions of light. 23 In this work, we study graphene as a plasmonic metasurface that offers the potential to control radiation in the THz regime. Different from previous studies, 15, 16 which focused on patterning the graphene, here we consider a continuous graphene sheet with periodically modulated doping. This gives rise to the possibility of an electrically tunable metasurface that can be used to dynamically control radiation in the THz regime. First, we consider a graphene sheet with doping modulation in one direction. We choose very general sinusoidal doping patterns, and we focus on the electric dipole mode that is visible even for highly lossy graphene samples. We show that the coupling to surface plasmons greatly enhances the interaction of graphene with radiation, and we characterize the system as a metasurface with an effective surface conductivity. With the help of transformation optics, we give an analytical expression for the effective conductivity at normal incidence. Next, we consider a graphene monolayer with doping modulated along two directions, and discuss how, thanks to plasmons, transmission of EM waves can be greatly suppressed independently of wave polarization and angle of incidence.
In our calculations, we model the graphene as a 2D sheet characterized by an electrical conductivity σ g (ω). Since we focus at THz frequencies, we use the Drude model for the conductivity
where α = e 2 μ/πℏ 2 is the Drude weight and γ g = 1/τ is the collision frequency. Here, μ and τ are the chemical potential and the scattering time for electrons, respectively, with τ = mμ/ ev F 2 (m is the mobility and v F ≈ 10 6 m/s the Fermi velocity). This formula, which neglects interband contributions to the conductivity, is a very good approximation to the full conductivity obtained from the RPA at sufficiently low frequencies and high dopings (see the Supporting Information for a detailed comparison). In this work, we use the parameters α = 76 GHz/Ω and γ = 1.5 THz, which correspond to the generally used values μ = 0.65 eV and m = 10 4 cm 2 /V s; see, e.g., ref 24 . In addition, and in order to show that our results are general and our fundamental conclusions do not depend on the particular choice of parameters for graphene, we present results for graphene with α = 76 GHz/Ω and γ = 9.8 THz (μ = 0.65 eV, m = 1.6 × 10 3 cm 2 /V s and τ = 0.1 ps) in the SM, taken from experimental data 25 and used in ref 15 .
RESULTS AND DISCUSSION
Graphene with 1D Conductivity Modulation. The configuration we first consider is sketched in Figure 1a . A graphene monolayer is placed between two dielectrics, ϵ 1 and ϵ 2 , and biased in a way that results in a periodic modulation of the conductivity of the sheet along one direction (the x-axis). This can be done by, for instance, biasing the graphene with a periodic electrostatic field. The most general class of conductivity modulation achieved with a periodic bias can be described by a sinusoidal as
where σ g is the conductivity of the homogeneously biased graphene (eq 1), 2πγ is the periodicity, and {a 0 ,a 1 } are two parameters related to the strength of the modulation. This periodic modulation of the conductivity acts as a grating that supplies the momentum mismatch for free-space radiation to couple into the surface plasmons sustained by the graphene layer, which have much shorter wavelength. In fact, since the momentum of the graphene plasmons is much larger than that of the radiation, the modulation period needs to be much smaller than the incident wavelength (λ ≫ 2πγ). Such coupling of radiation into graphene plasmons has already been shown both theoretically 26, 27 and experimentally. 28 Alternatively, other works have shown coupling through relief corrugations or subwavelength gratings on which graphene is placed, 29−33 as well as patterned graphene structures including 1D arrays of microribbons 12, 34 and 2D arrangements of islands. 24,35−37 In order to achieve a periodic doping in the graphene, the sheet can be biased with the spatially periodic electrostatic field generated by a periodically corrugated plane, either metallic or dielectric (see Figure S2) . The doping can then be dynamically tuned by adjusting the gate potential. Compared to directly patterning graphene, this approach takes advantage of state-ofthe-art fabrication techniques to pattern metal and dielectric films in the submicron scale. Note that we do not include the patterned film in our calculations as it has no effect on the near field of the graphene, see for instance ref 38. In the subwavelength regime, the modulated graphene sheet appears as a homogeneous 1D layer for the incident radiation, that is, a metasurface characterized by an effective electrical conductivity σ eff , see the right-hand side panel in Figure 1a . The effective response of this graphene metasurface under the incidence of a p-polarized EM wave (H = Hu z ) can be derived analytically with the help of transformation optics. A graphene sheet with the conductivity profile σ(x) can be mapped to a simpler system by means of the following conformal transformation 27, 39 
which maps a Cartesian space (w = u + iv) to a wavy mesh (z = x + iy) that is periodic along x. Hence, it relates a simple flat and homogeneously biased graphene sheet in z-space to a periodically biased graphene monolayer in w-space. 27 In the above equation, γ is a scaling factor that yields the periodicity in z-space, w 0 represents the modulation strength, and 2 , where b is a parameter that represents the position of the graphene layer in the w space. Figure 1b shows the conductivity modulation profile derived from the conformal transformation for different modulation strengths (plotted with solid lines). In addition, the dots represent the conductivity modulation, but for the simple sinusoidal expression in eq 2, with {a 0 ,a 1 } given by the Fourier expansion coefficients of the transformation 3. Hence, even though our analytical model in principle applies to conductivity modulations derived from the conformal transformation, it accurately describes the simple sinusoidal modulations given in eq 2, provided that {a 0 ,a 1 } are chosen appropriately (see the Supporting Information). Moreover, note that our analytical modeling applies to strong modulations of the order of the periodicity.
The optical response of the graphene metasurface in the subwavelength regime is derived by considering a plane wave normally incident on the modulated graphene, transforming it to the space where the graphene is homogeneously biased and imposing the boundary conditions for the EM fields, including the radiative reaction of the graphene conductivity grating (see ref 27 . for details). This procedure yields the following complex transmission and reflection coefficients at normal incidence
where N TO depends on frequency, geometrical parameters, and dielectric environment, N TO (ω, γ, w 0 , b, ϵ 1 , ϵ 2 ). In the Supporting Information we provide an analytical expression for N TO in terms of the Fourier expansion coefficients of the conformal transformation and the electrostatic potential. Figure 2 presents the optical response of the set of graphene metasurfaces with γ = 400 nm (period 1.2 μm) under ppolarized normal incidence. The different modulation strengths considered in Figure 1 are used here. Panel (a) plots transmittance and panel (b) absorption, as obtained from the analytical expressions for r and t, and with = ϵ ϵ | | T t / 1 2 2 , R = |r| 2 , and Q = 1 − R − T. These analytical results are in excellent agreement with full wave simulations, as discussed in ref 27 . In all of the spectra, the electric dipole mode (near field shown as an inset in panel b) features at a frequency slightly above 16 THz independently of the modulation strength. The reason for this can be traced back to the conformal transformation employed in designing the metasurface. All the metasurfaces belonging to the set characterized by a given γ (different w 0 ) relate to the same system through eq 3: a homogeneously biased graphene sheet. Since in the electrostatic limit the spectral properties of a plasmonic structure depend only on its geometry, all of them share the same plasmon resonance condition as a homogeneous graphene sheet of conductivity
where k is the plasmon parallel momentum, i.e., the wavevector component along x. On the other hand, the intensity and width of the peaks depends on the modulation strength. Transmittance at resonance decreases as w 0 increases, reaching suppressed transmission at w 0 = 2.5 for this set of parameters, while absorption reaches 0.5, the maximum possible value for a symmetric system, for w 0 = 1 and then decreases. In addition, the transmission dips present a Fano shape that relates to the fact that these structures can also be mapped to a nonconcentric annulus, a plasmonic structure that is well-known for exhibiting a Fano response (see ref 39) . On the other hand, eqs 4 and 5 correspond to the reflection and transmission coefficients of a thin conducting sheet with effective electric conductivity given by
which fully justifies the interpretation of this system as a metasurface. The effective conductivity of the graphene metasurface, as obtained from the equation above, is shown in Figure 2c (real part, blue solid line, and imaginary part, red dashed line) for a modulation strength that displays suppressed transmission, w 0 = 2.5. The effective conductivity presents a clear Lorentz resonant response, in agreement with the excitation of the plasmon dipole mode. Interestingly, a periodic modulation of the bias drastically modifies the response of a graphene monolayer, as can be seen by comparing the effective conductivity of the metasurface with the conductivity of a homogeneously biased graphene at the same chemical potential (real and imaginary parts plotted as solid and dashed thin lines, respectively). While at normal incidence the set of metasurfaces defined by the periodicity 2πγ feature a dipolar plasmon resonance at the same frequency independently of the modulation strength, the response at angles of incidence θ ≠ 0 depends on w 0 . Figure 3a presents the optical response of the graphene metasurface considered in Figure 2c under different angles of incidence. These spectra, calculated using full wave simulations, show that as the angle of incidence increases the dipole peak in the spectrum develops a splitting. The reason for this is that the equivalence between the graphene with periodically modulated conductivity and the homogeneously doped graphene with plasmon dispersion given by eq 6 strictly holds only at k = 0, while at finite wave vectors the band structure of the graphene grating displays a band gap; see refs 39 and 27. In addition, this band gap is larger for strongest modulations, implying that the distance between the two peaks in the spectrum depends on w 0 , in contrast with the peak position at normal incidence.
The effective conductivity of the sheet under non-normal incidence can be derived using a sheet retrieval method. 40 In terms of the complex reflection and transmission coefficients, it reads as 
where θ 2,1 are the angles of incidence and refraction (see sketch in Figure 1a ). Figure 3b shows the real and imaginary parts of σ eff p (upper and lower panels, respectively) for the same metasurface as in Figure 3a . The retrieved effective conductivity clearly reflects the splitting in the optical spectrum by showing two distinct Lorentz resonance peaks. This result implies that the response of the graphene metasurface under study is sensitive to the angle of incidence of radiation; that is, it does not feature an isotropic response. Moreover, the response to incidence with s-polarization is remarkably different to the ppolarization one, as shown in Figure 3c , and which allows switching between almost zero and almost perfect transmission by a simple change of polarization. The effective conductivity for s-polarization, which can be retrieved using 
does not present any resonant feature as s-polarized waves do not couple to surface plasmons. In this case, the effective conductivity of the modulated sheet is independent of the angle of incidence (see lower panel), as the incident radiation sees the modulated graphene as a sheet with averaged conductivity. The value of the effective conductivity can be obtained by averaging eq 2 over the unit cell, such that σ eff s = ⟨σ(x)⟩ = a 0 σ g , which is in perfect agreement with the conductivity retrieved from simulation results at all angles of incidence.
Graphene with 2D Conductivity Modulation. In this section, we propose a graphene metasurface that presents an isotropic response to incident EM radiation. It is based on a graphene monolayer with a conductivity that is periodically modulated in a 2D arrangement, following
By modulating the conductivity in 2D, we aim at producing an isotropic optical response for arbitrarily polarized incident EM waves by providing plasmon coupling for both polarizations. Figure 4a shows the conductivity profile in a unit cell for a modulation strength of w 0 = 2.5, with {a 0 ,a 1 } in eq 10 chosen the same way as in 1D, for consistency. In order to deal with an arbitrary EM wave, we consider p-and s-polarized waves, incident at an angle θ, and at a plane of incidence given by an azimuthal angle ϕ; see sketch in Figure 4a . For p-polarization, the incident field reads as
while for s-polarization we have
with k ∥ = k 0 (√ϵ) sin θ(cos ϕu x ,sin ϕu y ) and k ⊥ = k 0 (√ϵ) cos θu z . In order to investigate the EM response of this metasurface, we first consider the case of normal incidence, θ = 0, and with ϕ = 0. We take the unit cell size as 1.25 μm and a modulation strength of w 0 = 2.5. The choice of the latter parameter is justified as it minimizes on-resonance transmittance (see Figure  S4 ). It is worth noting here that, different from the graphene with 1D periodic conductivity modulation, in this case there is no conformal transformation that relates the set of metasurfaces with different w 0 to a simpler system, and for this reason, the position of the electrical dipole resonance redshifts with increasing w 0 . Figure 4b shows the spectrum for a metasurface with the already mentioned parameters. Remarkably, for most of the spectrum, the lines corresponding to p-(solid) and spolarized waves (dashed) lie on top of each other. Both polarizations display the same response to EM radiation; that is, they feature the same two absorption peaks (or transmittance dips). In addition, the agreement between frequency and line width of the low energy peak for both polarizations is remarkable. On the other hand, there is a slight shift in the second resonance peak for the different polarizations. The reason for this difference relates to the fact that, while the resonance frequency of the lower energy mode corresponds to a wavelength of λ 0 ∼ 8 × 2πγ, the higher energy mode has λ 0 ∼ 6 × 2 πγ, meaning that the subwavelength unit cell requirement is best satisfied for the first peak.
From the field patterns shown in Figure 4b , it is clear that the two peaks in the spectrum correspond to a splitting of the electrical dipole mode: while the low energy peak corresponds to two dipoles oscillating in phase with the incident field, the high energy one corresponds to out-of-phase oscillation with it. Such a splitting emerges due to the fact that the metasurface is formed by a continuous graphene sheet with a modulated conductivity that ranges between a maximum value and a nonzero minimum. This situation is rather different from metasurfaces based on patterning graphene structures that also feature a dipolar response, such as nanoislands 24 or cutwires. 15 To reinforce this interpretation, we present the full spectrum which shows how the higher order modes also appear in pairs [see Figure S5 ]. Furthermore, in Figure S5b , we include the reflectance spectrum, which presents the Fano shape, characteristic of the coupling between a highly localized mode (the dipolar resonances in the subwavelength high-conductivity region) and a continuous one (a surface plasmon polariton that propagates along the graphene sheet).
Let us now focus on the lower energy peak (f ∼ 30 THz), which at normal incidence features the same response for both polarizations. Figure 5 presents the optical response and effective conductivity of the metasurface with the selected parameters from Figure 4 under non-normal incidence (with ϕ = 0) and for p-and s-polarizations (panels a−c and d−f, respectively). In contrast to the metasurface based on graphene with 1D conductivity modulation, the transmittance and absorption spectra do not develop a splitting, only a slight frequency shift. The reason for this can be related to the fact that the band corresponding to this mode is not very dispersive, as suggested by the large splitting between the two lower energy modes observed in Figure S5 . By appropriately designing the unit cell of this metasurface, we have removed the dependence of the spectrum on the angle of incidence. This is reflected in the effective conductivity retrieved from eq 8, which, for different θ, only differs by a slight frequency shift. In addition, the effective conductivity retrieved for s-polarized waves (using eq 9) shows a remarkable agreement with the one for p-polarization, implying that this graphene metasurface behaves isotropically with respect to the incident angle for both polarizations. Regarding the dependence on the azimuthal angle, the effect of varying ϕ is only a slight frequency shift; see inset in panel c of Figure 5 .
Finally, it is worth noting that virtually perfect omnidirectionality can be achieved by considering deeply subwavelength unit cells. In the Supporting Information, we include the spectrum for a metasurface with the resonance peak at a wavelength of λ 0 ≈ 20 × 2πγ, much larger than the unit cell size, see Figure S7 . In this case, the retrieved effective conductivity for the low energy peak is virtually identical for all angles of incidence. While this behavior is similar to the omnidirectional absorption found in graphene nano islands considered in ref 24 , in this latter case there is only one dipolar peak in the spectrum even when a unit cell with a basis of two is considered, see Figure S8 . The reason for this is that the metasurface is formed by nonconnected islands rather than a continuous graphene layer. This comparison adds to our interpretation of the peak splitting as aid by the plasmon propagating along the continuous graphene sheet. For more details on this comparison, see the Supporting Information.
CONCLUSIONS
We have shown that a graphene sheet subject to a periodically modulated doping performs as a metasurface for incident radiation. We have first considered a 1D sinusoidal modulation of the sheet's conductivity, where analytical expressions for the optical spectrum at normal incidence are available from transformation optics. We have made use of such analytical formulas to optimize the performance of these graphene structures showing large transmission dips and absorption peaks, as well as to write an equation for the effective Schematics of the unit cell and wave incidence for s-and ppolarization. The conductivity profile σ(x,y) is shown for the case w 0 = 2.5. (b) Simulated transmission and absorption spectra for both polarizations at normal incidence (θ = 0) and ϕ = 0. The periodicity of the structure is 2πγ, with γ = 200 nm, and it is embedded in a symmetric environment ϵ 1 = ϵ 2 = 1. (c) Field plots in the unit cell at each resonance for p-polarization. Note that the color scale is different for each case, with E x and E z being the dominant electric field components and H x and H z the magnetic field ones. Electric fields for s-polarization show the same patterns but exchange E x for E y with a 90°rotation.
conductivity under p-polarized waves. On the other hand, spolarized waves do not present a resonant response, which is in agreement with our interpretation of the resonances resulting from coupling of radiation to graphene plasmons.
In the second part of this work, we have proposed a metasurface that responds isotropically to radiation. By modulating the doping along two directions, we have removed the dependence on the polarization; in both cases, there is a grating in the direction of the electric field vector. We have shown that in this case the electric dipole mode is split in two resonances due to the interaction between the confined dipolar resonance and the surface plasmon propagating along the graphene sheet. We have shown that the lower energy mode of this splitting shows a remarkable agreement for both polarizations, while the higher energy one is more sensitive to the incident polarization. In addition, changing the angle of incidence results in effective conductivities that differ only by a slight frequency shift that can even be removed by going to metasurfaces with deep subwavelength unit cells (for instance, ∼300 nm for μ = 0.4). Thus, the modulated graphene can be used for fast switching and tuning of THz radiation of arbitrary polarization and orientation.
METHODS
Transformation Optics. The analytical reflection and transmission coefficients of a graphene sheet with 1D conductivity modulation are calculated with transformation optics. The procedure consists of mapping a space where a plane wave impinges normally on periodically doped graphene to a space where the graphene is homogeneously biased and a more complex wave is incident on it. This is achieved by means of the transformation given in eq 3. The optical response of the sheet is obtained by imposing the appropriate boundary conditions and including the radiative reaction of the graphene conductivity grating. This yields eqs 4 and 5 in the text, where the quantity N TO reads 
where d g ± are the expansion coefficients of the conformal transformation, while the other coefficients correspond to the expansion of the electrostatic potential in the different regions of space. Full details on the derivation of this result and the expressions of all the coefficients appearing in eq 13 can be found in ref 27 .
Numerical simulations. Numerical simulations were carried out with a commercial finite element method solver (Comsol Multiphysics). In our calculations, graphene is introduced as a surface current, J = σE ∥r , with σ given by eq 2 or 10. Transmittance and reflectance through the structure are measured in simulations of a single unit cell with periodic boundary conditions. 
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